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The object of this paper is to provide an example of a simple principal 
left ideal domain (pli-domain for short) which is not right noetherian, a 
rare animal indeed. Its existence complicates the structure theory for simple 
noetherian rings, showing that very little symmetry is possible. 
I. 
Let p be an endomorphism of a field R. A map 6 : k - /z is called a 
p-derivation of k in case S(a + b) = S(a) + S(b) and S(ab) = p(a) S(6) + S(a)b 
hold for all a, b E K. Using k, p and 6 one can define the ring R := k[t; p, S] 
of skew polynomials in t, consisting of all polynomials 
where a, E k for each i, with the usual addition, multiplication being defined 
by 
tu = p(u)t f  S(u) a E k. 
It is not difficult to verify that R = k[t; p, S] is a pli-domain and is principal 
on the right if and only if p is surjective (see [5] for example).l Since k[t; p, S] 
is never simple if 6 x 0 and k[t; p, S] is usually simple if p = id (see [2]), 
one naturally asks whether k[t; p, S] can be simple if p is not surjective and 
6 is a nontrivial p-derivation. 
If  k is commutative, the answer is no. For by a lemma due to Cohn (see [I], 
Lemma page 537), if k is commutative, then any p-derivation 6 of k is inner 
[i.e., for some x E k, S(u) := p(u)x - xa for all a E k] unless p is an inner 
automorphism of k. I f  6 is an inner p-derivation of k determined by x E k, 
1 If 6 = 0, we call k[t; p] the twisted polynomial ring in t with coefficients in k. 
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then one easily checks that the principal left ideal of R = k[t; p, 61, R(t + x), 
is two-sided and nontrivial. Thus, one is naturally forced to consider non- 
commutative k. 
Theorem 1 provides complicated sufficient conditions which lead to 
simple pli-domains. Finding a triple (k, p, 6) satisfying the hypothesis of 
Theorem 1 is where the fun begins. A remarkable construction due to 
Cohn [l], and an embedding theorem due to Jategaonkar [3] ultimately 
produce (k, p, 6). 
THEOREM 1. Let E be a fZd of characteristic 0, p : E -+ E a ring mono- 
morphism and 6 a p-derivation of E satisfying 
(a) p8 + Sp = 0. 
(b) If x E E satisfies xp*(a) = p+j(a)x for alL a E E where rz > j >, 1 
are both arbitrary, then x = 0. 
(c) There does not exist an x E E such that for some m E $3’“’ and for 
all a E E 
@[pm(a)] + xp”(a) = pm+n(a)x n = 1,2. 
(d) There does not exist an x E E satisfying p(x) = x and 6(x) = 0 
such that for some n E %“+ and for all a E E, 
8”(a) + xa = p”(a)x. 
Then R = E[t; p, S] is a simple pli-domain. 
Proof. Let I be an ideal of R such that 0 g I $ R. Then I = Rf for 
some f  E R, where f  # 0. The proof will be by contradiction. 
Let f  = XT,, a#, where we can assume that a, = 1. 
Case I. m = 2n. 
Given 01 E E, 
fa = Pf for some /3 E E, (1) 
since I is an ideal. Expanding Eq. (1) and equating coefficients we obtain 
Py,) = rs, 
a2d 2n-1(a) = Pa,,, , 
a2n--1 6p2”-2(a) + a2n-2p2+2(a) = Baznm2 . 
E ‘i *Ya> = p2n(a) a, . (2) 
68 COZZENS 
By successive applications of (b) and (c), we obtain aan-i = a,,-, =- 
. . . = a, = 0. Now 
fi = (t + B’)f for some /3’ E E, 
i.e., (t2” + a& = (t + ,fY)(F -+ a,). Hence 
P-1 + a,t -== @-cl + p(aJt + S(u,) + j3’P + p’uo. 
Thus /3’ = 0 and, consequently, 
4 = f(%) and S(u,) = 0. 
By (2) Szn(a) + a,a = p212(~)u0 for all 01 E E’ contradicting (d). Thus f  = tzvk. 
Since 
p2”-“(S2(a)) = 0 for all 01 E E. Therefore, Sa(01) = 0 for all 01 E E, contradicting (c). 
CuseII. m-2%+1. 
Proceeding as above, we obtain 
Clearly, Eq. (1) contradicts (c). 
Thus, no suchf can exist, implying that I = 0 or I = R. 
II. DEFINITION OF E, p AND 6 
Let F be any commutative field of characteristic 0 and denote by A, the 
free associative algebra over F on the free generating set B = (x,, , X, ,...>. 
Since A is the free associative algebra on B, there exists a unique endo- 
morphism p of A such that 
p(xJ = -x0 and PC%) = x+1 foralIi;> 1. 
Clearly p is injective. We define 
[Xi , x0] = p(x& - X& for alli > 1. 
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Let k = k(ti, i E Z+ u {0}, it E 2’“‘) be the rational function field in the 
indeterminates ti, over k. Let u be the k-endomorphism of k defined by 
P(L) = L+1 for all i E ?Z+ u (0) and n E 22”+. 
Let D = k[Y, u] be the twisted polynomial ring in Y with coefficients 
in k. Let K be the left quotient field of D. If we set 
then 2 : A c+ K is an embedding (see [3]). Identify xi with $ E K. We 
shall extend p to K as follows: 
Define 
&n) = -to, for all n E .?.Z+, 
&in) = ti+1,n forallia 1, 
and 
P(Y) = y for all n E T+. 
Clearly, po = op and 
P(4JlY) = --to,y 
&i,lY> = ti+1,1y for alli > 1. 
Since pu = up, p extends to a ring monomorphism of K and moreover, 
does what it should with respect to the generators of A. 
Let E be the subfield of K generated over k by xi for all i > 1 and 
[xi , x0] for all i > 1. Define a p-derivation S of K as follows: 
S(a) = p(a)xo - x,ol for all 01 E K. 
Clearly, pi3 + Sp = 0 and E admits both p and 6. Also note that x, and 
xo2 $ E. (See [l].) 
Lemmas l-3 show that (E, p, 6) satisfies the hypothesis of Theorem 1. 
Remark. kU = {a E k j u(a) = a} = k and 
k” = k(& , tzz ,..., t;, ,... ). 
LEMMA 1. If a E K and a&Y = t,-i,lYa where n - j > 0, for all 
n > N > 0, N some suitably large integer, then j = 0 and a E k. 
Proof. Set tnlY = t,Y and assume that a E K is of the form 
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Now, 
where 
Therefore, 
ci -= tnc,(bi),+(tn-j) for 0 -5 i < m. 
by definition of multiplication in K. 
If  
then, in particular, 
Hence, 
d,d(c,) = q&b,). 
(0) 
Thus, 
thus, 
am14bm)!daml> bm = ~~(t,~_~)l@‘(fJ for all 71 2 IV. 
If  m # ml or j > 0, let n + CO to get the desired contradiction. Hence, 
m = ml and j = 0. Now C, = u(b,), d,c, = eobo and dotno = eoaotn . 
Therefore, 
&J/a, = e&4 = co/b, = 44/b, , 
implying that u(a,/b,) = a,Jb, . Thus, 
a, = olb, where 01 E k. 
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Let t = t, . 
and 
4~ + 444 = eobl + edb,) (1) 
4J+,) + G(t) u2(~J = e,4t) + el+J u(t). 
Now 
Cl = ww(t) and u(b,) = c, . 
By substituting these expressions in (1) we obtain 
~&(h)l4) + 4u2&) = eobl + e14J. 
Since a, = olb,, , we obtain 
(2) 
4t+4) + 4u(t) ~“(4 = e,u(t) bl + ep(t) +J. 
Comparing (2) and (3), we obtain 
(3) 
tM4 - +h)) = CJVG/~~)~(~)(~I - ~4). (4) 
Equation (4) holds for all 12 2 N (remember, t = t,J. If a, - ab, # 0, 
letting n+ co produces a contradiction. 
Assume ui = olbi for all i < m - 1 by induction. By a process similar 
to the above (by examining the coefficient of Ym+k-l in (--I) and (0)), we 
obtain 
um+k-l(t) e,,uk-l(orb,) + um+k-l(t) ekuk(cllb,,) - dkuk(t) uk+l(ub,,-l) 
z7.z um+k-l(t) ekpluk-l(u,) + um+k-l(t) e,@(u,,) - d&(t) ~++~(a,-,). 
Thus, a, = arb, and hence, 
u=ol~k. 
LEMMA 2. If a E E satisfies p(u) = a and 8(u) = 0, then a E k. 
Proof. We can assume once again that 
S(u) = 0 implies that t,P(a) = utol . Let t = to1 , 
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where ci :: ta(bi)/oi(t) for all 0 < i < m 
Thus, 
If  
then, in particular, dkuk(cm) = eL and 
d,,u”‘(to(a,J) = ek(uya,u~yt)) 
since 
d ( i tu(a,) Yj = e ( i a&t) 1-3 
i=O i=o 
by definition of equality in K. Therefore, 
k+z,)/a,u”(t) = t/u”(t) 
implying that 
u(u,)/a,, = u’“(t)/u’“(t). 
Now, 
since p(a) = a. Therefore if 
(0) 
or fJL = g,i since b,,, =- 1. Thus, ~(a?,) == a,, by definition of equality in K. 
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By (0) and the definition of p, m = n and ~(a,) = a, . Thus, a, = 01 E k. 
Now, 
dkpluk-l (Cm) + &uk(C,-,> = ek-luk-l(bm) + ek”k(bm-l) 
and 
dk-pk-l(tu(a,)) + dkuk(tu(a,-,)) = ek-Iuk-l(u,u”(t)) + e,uk(u+lu”-l(t)). 
Therefore, 
eku”+“-l(t)[u”(06,-l - u,-J] = d~uk(t)[uk+‘(~bm-l - G-JI, 
ek = dkuk(c,). 
Hence 
c,u"-yt)[06,-1 - U,_l] = t+L1 - %-1) 
or assuming that cJ,-, - a,,+, # 1, 
and 
w-l(t)/u”(t)t = u(ab,-, - a,-,)/(&-1 - a,-,). 
fk-luk-l(/@m)) +fkuk(p(b,-l)> = gk-l”k-l@m) + &cuk~bm-l) 
(1) 
(2) 
fk-luk-l(&,>> + f7cuk(&&,-1)) = gk-luk-l(um) + ~kuk(um-l)~ 
Therefore, 
fk~k(f@m-I - %-I>) = gkak(orb,-1 - %-1) 
and fk = g, imply that 
p(ab,-1 - a,-,) = orb,-1 - a,-, = p. 
Thus, /3 E k. By (l), U(B) u[u”-l(t)] = ,8~P-~(t). Therefore, 
pJ”-l(t) = y  E ko = k. 
Thus urnPI = orb,-, since p(B) = /3 and P(Y) = Y. 
Assume by induction that a, = CXIJ~ for all 1 <j < m. 
go diui(c,-J = i eiui(b,-J 
i=O 
and 
& diui(tu(u,-J) = 5 eiui(u,-iun-i(t)). 
i=O 
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Consequently, 
d,[~+~(a, - ab,)] = ek[ak(uo - cd,)] 
by induction. As before, p(aO - olb,) = (a, - ~b,) and hence a, = olb, . 
Therefore, a == CY t h. 
LEMMA 3. (E, p, 6) satisfies the hypothesis of Theorem 1. 
Proof. (a) pi5 + Sp = 0 is trivially satisfied by construction. 
(b) If  there exists an x E E such that for all 01 E E, 
then in particular, 
for all i > 0, contradicting Lemma 1. 
(c) Note that 6(01) = p(a) X, - xOol and S2(~) = ~~((11) x,3 - xo201 for 
all 01 E E by definition of 8 and a2. If  
S[pm(or)] = pl%‘-l(a)x. - xp”“(x) for all 01 E E, 
where x E E, then 
p”“(cx)(xO - x) = (x0 - zc) p’“(a) 
for all cy. E E contradicting (b). 
A similar argument works for the n = 2 case. 
(d) If  there exists an x E E satisfying p(x) = x and S(x) such that 
for some n E 3+ and for all DL E E, 
?P(a!) + xcy. = p”(cd)x, 
then by Lemma 2, x E k. Thus, 
sy,) = x[p”(cg - a] 
which just cannot happen. 
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